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(1) V.V. Tsanov, Triangle groups, automorphic forms, and torus knots,
L'Enseignement Math�ematique (2) 59 (2013), 73-113. ISSN 0013-8584, DOI:10.4171/LEM/59-1-3.

Ðåçþìå: Ñòàòèÿòà èçñëåäâà âðúçêèòå ìåæäó òðè êëàñè÷åñêè è øèðîêî èçó÷àâàíè îáåêòà:
òðèúãúëíè ôóêñîâè ãðóïè, C×-åêâèâàðèàíòíè îñîáåíîñòè íà ðàâíèèííè êðèâè, äîïúëíåíèÿ
íà òîðè÷íè âúçëè â òðèìåðíàòà ñôåðà. Ïðîòîòèïíèÿò ïðèìåð çàñÿãà ìîäóëÿðíàòà ãðóïà
PSL2(Z): ôàêòîðúò íà äîïèðàòåëíîòî ðàçñëîåíèå âúðõó ãîðíàòà ïîëóðàâíèíà íà Ïóàíêàðå,
ñ èçâàäåíî íóëåâî ñå÷åíèe, ïîä Müîáèóñîâîòî äåéñòâèå íà PSL2(Z) å áèõîëîìîðôåí íà äî-
ïúëíåíèåòî íà êðèâàòà z3 − 27w2 = 0 â C2. Òîâà ìîæå äà ñå èçâåäå îò ôàêòà, ÷å àëãåáðàòà
îò ìîäóëÿðíè ôîðìè å ïîðîäåíà îò äâà åëåìåíòà, ÷åñòî îçíà÷àâàíè ñ g2, g3, è êúñïèäàëíàòà
ôîðìà ∆ = g32−27g23 íå ñå àíóëèðà â ãîðíàòà ïîëóðàâíèíà. Êàòî ñëåäñòâèå, ñå ïîëó÷àâà äèôå-
îìîðôèçúì ìåæäó PSL2(R)/PSL2(Z) è äîïúëíåíèåòî íà âúçåë �äåòåëèíà� - ëîêàëíèÿ âúçåë
íà îñîáåíàòà êðèâà. Â ñòàòèÿòà, òàçè êîíñòðóêöèÿ å îáîáùåíà äî âñè÷êè (p, q,∞)-òðèúãúëíè
ãðóïè è, ðåñïåêòèâíî, ðàâíèííè êðèâè îò âèäà zq +wp = 0, è (p, q)-òîðè÷íè âúçëè, êúäåòî p, q
ñà âçàèìíî ïðîñòè ïîëîæèòåëíè ÷èñëà. Îáùèÿ ñëó÷àé èçèñêâà óïîòðåáàòà íà àâòîìîðôíè

ôîðìè âúðõó åäíîñâúðçàíàòà ãðóïà S̃L2(R), è äåéñòâèåòî ñå ïðîïóñêà ïðåç ëèíåéíàòà ãðóïà
SL2(R) åäèíñòâåíî â ñëó÷àÿ ñïîìåíàò ïî-ãîðå. Äîêàçàòåëñòâîòî èçïîëçâà èäåè íà Ìèëíîð è
Äîëãà÷åâ âúâåäíè îò òÿõ ïðè èçó÷àâàíå ñïåêòðèòå íà àëãåáðèòå îò àâòîìîðôíè ôîðìè âúðõó
êî-êîìïàêòíè òðèúãúëíè ãðóïè (è ïî-îáùè ðàâíîìåðíè ðåøåòêè). Îêàçâà ñå, ÷å, ñ íåîáõîäè-
ìèòå ìîäèôèêàöèè, òàçè òåõíèêà äàâà ðåçóëòàò è â êúñïäàëíèÿ ñëó÷àé.

Abstract: This article is concerned with the relation between several classical and well-known
objects: triangle Fuchsian groups, C×-equivariant singularities of plane curves, torus knot comple-
ments in the 3-sphere. The prototypical example is the modular group PSL2(Z): the quotient by
PSL2(Z) of the tangent bundle on the upper half-plane with removed zero-section is biholomorphic
to the complement of the plane curve z3 − 27w2 = 0. This can be shown using the fact that the
algebra of modular forms is doubly generated, by g2, g3, and the cusp form ∆ = g32−27g23 does not
vanish on the half-plane. As a byproduct, one �nds a di�eomorphism between PSL2(R)/PSL2(Z)
and the complement of the trefoil knot - the local knot of the singular curve. This construction is
generalized to include all (p, q,∞)-triangle groups and, respectively, curves of the form zq+wp = 0
and (p, q)-torus knots, for p, q co-prime. The general case requires the use of automorphic forms

on the simply connected group S̃L2(R), and the action does descend to the linear group SL2(R)
only in the aforementioned classical case. The proof uses ideas of Milnor and Dolgachev, which
they introduced in their studies of the spectra of the algebras of automorphic forms of cocompact
triangle groups (and, more generally, uniform lattices); it turns out that the same approach, with
some modi�cations, allows to handle the cuspidal case.

(2) A. Sawicki, V.V. Tsanov, A link between quantum entanglement, secant varieties and sphericity.
Journal of Physics A: Mathematical and Theoretical 46 (2013), 265301, 20 pages. ISSN 17518121,
DOI:10.1088/1751-8113/46/26/265301.

Ðåçþìå: Â ñòàòèÿòà ñå èçñëåäâàò âðúçêè ìåæäó òðè ïîíÿòèÿ îò òåîðèÿòà íà ïðåäñòàâÿíèÿòà,
àëãåáðè÷íàòà ãåîìåòðèÿ è òåîðèÿòà íà êâàíòîâàòà èíôîðìàöèÿ. Ïúðâî - ñôåðè÷íè äåéñòâèÿ
íà ðåäóêòèâíè ãðóïè âúðõó ïðîåêòèâíî ïðîñòðàíñòâî; âòîðî - ñåêàíòíè ìíîãîîáðàçèÿ êúì
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õîìîãåííè ïðîåêòèâíè ìíîãîîáðàçèÿ, è ïîíÿòèÿòà ðàíã è ãðàíè÷åí ðàíã íà òåíçîð; òðåòî -
êâàíòîâî ïðåïëèòàíå. Îñíîâíîòî íàáëþäåíèå çàñÿãà, îò åäíà ñòðàíà, çàäà÷àòà çà ðàçïîçíà-
âàíå íà êâàíòîâî ñúñòîÿíèå ïî íåãîâèòå ðåäóöèðàíè åäíî-÷àñòè÷íè ïëúòíîñòíè ìàòðèöè, è
îò äðóãà ñòðàíà, òåíçîðíèÿ ðàíã, ò.å. ìèíèìàëíèÿ áðîé êîõåðåíòíè ñúñòîÿíèÿ (ðàçëîæèìè
òåíçîðè) â èçðàç íà ñúñòîÿíèåòî êàòî ñóïåðïîçèöèÿ (ñóìà). Çà òðè ñëó÷àÿ âàæíè çà òåîðèÿòà
íà êâàíòîâîòî ïðåïëèòàíå: ñèñòåìè îò ðàçëè÷èìè ÷àñòèöè, áîçîíè è ôåðìèîíè, äîêàçâàìå,
÷å ñôåðè÷íîñòòà íà äåéñòâèåòî å åêâèâàëåíòíà íà òîâà, òåíçîðè îò äàäåí ðàíã äà íå ñå àïðîê-
ñèìèðàò ñ òåíçîðè îò ïî-íèñúê ðàíã. Â îáùèÿ ñëó÷àé, íàðè÷àìå èçêëþ÷èòåëíè ñúñòîÿíèÿòà,
êîèòî ñå àïðîêñèìèðàò ñúñ ñúñòîÿíèÿ îò ïî-íèñúê ðàíã. Òàêèâà ñúùåñòâóâàò òîãàâà è ñàìî
òîãàâà êîãàòî â ñèñòåìàòà èìà ïîíå òðè ÷àñòèöè. Â òàêúâ ñëó÷àé ïî÷àçâàìå, ÷å ñúñòîÿíèÿ
îò òèï W è íÿêîè òåõíè ìîäèôèêàöèè ñà èçêëþ÷èòåëíè è ïðèíàäëåæàò íà âòîðîòî ñåêàíòíî
ìíîãîîáðàçèå. Ñúùåñâóâàíåòî íà èçêëþ÷èòåëíè ñúñòîÿíèÿ ïðåäñòàâëÿâà îáñòðóêöèÿ çà òîâà
ëîêàëíàòà óíèòàðíà åêâèâàëåíòíîñò íà ñúñòîÿíèÿ äà ìîæå äà áúäå îñòàíîâåíà åäíîçíà÷-
íî îò åäíî-÷àñòè÷íèòå ðåäóöèðàíè ïëèòíîñòíè ìàòðèöè. Ïðèâåäåíè ñà ïðèìåðè çà ñèñòåìè
îò ðàçëè÷èìè ÷àñòèöè ñ èçâåñòíî îïèñàíèå íà îðáèòèòå, êúäåòî å äàäåíî ïúëíî îïèñàíèå
íà èçêëþ÷èòåëíèòå ñúñòîÿíèÿ, êàêòî è âúçìîæíè èíòåðïðåòàöèè â òåðìèíè íà êâàíòîâî
ïðåïëèòàíå.

Abstract: In this paper, we shed light on relations between three concepts studied in representations
theory, algebraic geometry and quantum information theory. First - spherical actions of reductive
groups on projective spaces. Second - secant varieties of homogeneous projective varieties, and the
related notions of rank and border rank. Third - quantum entanglement. Our main result concerns
the relation between the problem of the state reconstruction from its reduced one-particle density
matrices and the minimal number of separable summands in its decomposition. More precisely,
we show that sphericity implies that states of a given rank cannot be approximated by states of a
lower rank. We call states for which such approximation is possible exceptional states. For three,
important from quantum entanglement perspective cases of distinguishable, fermionic and bosonic
particles, we also show that non-sphericity implies the existence of exceptional states. Remarkably,
the exceptional states belong to non-bipartite entanglement classes. In particular, we show that
the W -type states and their appropriate modi�cations are exceptional states stemming from the
second secant variety for three cases above. We point out that the existence of the exceptional
states is a physical obstruction for deciding the local unitary equivalence of states by means of the
one-particle reduced density matrices. Finally, for a number of systems of distinguishable particles
with known orbit structure we list all exceptional states and discuss their possible importance in
entanglement theory.

(3) A.V. Petukhov, V.V. Tsanov, Homogeneous projective varieties with semi-continuous rank function,
Manuscripta Mathematica 147 (2015), 269�303. ISSN 00252611, DOI:10.1007/s00229-014-0723-5.

Ðåçþìå: Íåêà X ⊂ P(V ) å ïðîåêòèâíî ìíîãîîáðàçèå, êîåòî íå ñå ñúäúðæà â õèïåððàâíèíà.
Òîãàâà âñåêè âåêòîð v âúâ V ìîæå äà áúäå èçðàçåí êàòî ñóìà íà âåêòîðè îò àôèííèÿ êîíóñ
íàä X. Ìèíèìàëíèÿ áðîé òàêèâà ñúáèðàåìè ñà íàðè÷à X-ðàíã íà v. Â ñòàòèÿòà ñå êëàñèôè-
öèðàò âñè÷êè åêâèâàðèàíòíî âëîæåíè õîìîãåííè ïðîåêòèâíè ìíîãîîáðàçèÿ X ⊂ P(V ) íàä
àëãåáðè÷åñêè çàòâîðåíî ïîëå ñ õàðàêòåðèñòèêà 0, ÷èÿòî X-ðàíã ôóíêöèÿ å ïîëóíåïðåêúñíàòà
îòäîëó. Êëàñè÷åñêè ïðèìåðè ñà: ìíîãîîáðàçèåòî îò ìàòðèöè ñ ðàíã 1 (ò.å. âëàãàíå íà Ñåãðå
íà ïðîèçâäåíèå íà äâå ïðîåêòèâíè ïðîñòðàíñòâà) è ìíîãîîáðàçèåòî îò êâàäðàòè÷íè ôîðìè
ñ ðàíã 1 (êâàäðàòè÷íî âëàãàíå íà Âåðîíåçå íà ïðîåêòèâíî ïðîñòðàíñòâî), êúäåòî ïîíÿòèåòî
X-ðàíã ñúâïàäà ñ êëàñè÷åñêèÿ ðàíã. Â îáùèÿ ñëó÷àé, X å ïðîåêòèâíàòà îðáèòàòà íà ñòàð-
øè âåêòîð â íåïðèâîäèìî ïðåäñòàâÿíå íà ñâúðçàíà ïîëóïðîñòà ëèíåéíà àëãåáðè÷íà ãðóïà.
Îñíîâíèÿò ðåçóëòàò å ñïèñúê íà âñè÷êè íåïðèâîäèìè ïðåäñòàâÿíèÿ íà ïîëóïðîñòè ãðóïè, çà
êîèòî ôóíêöèÿòà X-ðàíã å ïîëóíåïðåêúñíàòà îòäîëó.

Abstract: Let X ⊂ P(V ) be a projective variety, which is not contained in a hyperplane. Then
every vector v in V may be written as a sum of vectors from the a�ne cone over X. The minimal
number of summands in such a sum is called the X-rank of v. In this paper, we classify all
equivariantly embedded homogeneous projective varieties X ⊂ P(V ) whose X-rank function is
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lower semi-continuous. Classical examples are: the variety of rank one matrices (Segre variety
with two factors) and the variety of rank one quadratic forms (quadratic Veronese variety). In the
general setting, X is the orbit in P(V ) of a highest weight line in an irreducible representation
V of a connected reductive linear algebraic group G. Thus, our result is a list of all irreducible
representations of reductive groups, for which the corresponding rank function is lower semi-
continuous.

(4) T. Maci�a
zek, V.V. Tsanov, Quantum marginals from pure doubly excited states, Journal of Physics
A: Mathematical and Theoretical 50 (2017) 465-504. ISSN 1751-8121, DOI 10.1088/1751-8121/aa8c5f.

Ðåçþìå: Ñïåêòðèòå íà åäíî-÷àñòè÷íèòå ïëúòíîñòíè ìàòðèöè, ïîëó÷åíè îò ÷èñòèòå ñúñòîÿíèÿ
íà äàäåíà ìíîãî÷àñòè÷íà êâàíòîâà ñèñòåìà îò êðàéíà ðàçìåðíîñò, îáðàçóâàò èçïúêíàë ïîëè-
òîï, èçâåñòåí îùå êàòî ìîìåíòîâ ïîëèòîï. Â ñòàòèÿòà ñå êîíñòðóèðàò ïîëèòîïè ñúäúðæàùè
è, ñúîòâåòíî, ñúäúðæàùè ñå â ìîìåíòîâèÿ ïîëèòîï, ò.å. âúòðåøíî è âúíøíî îãðàíè÷åíèå.
Âúíøíèÿ ïîëèòîï å ðàâåí íà ìîìåíòîâèÿ ïîëèòîï çà ñëó÷àè â îáùî ïîëîæåíèå, ò.å. îãðàíè-
÷åíèåòî å òî÷íî. Âúòðåøíîòî îãðàíè÷åíèÿ å êîíñòðóèðàíî îò äâóêðàòíî âúçáóäåíè ñúñòîÿ-
íèÿ, ò.å. äåéñòâèÿ íà êîìïîçèöèè íà äâîéêè ïîðàæäàùè îïåðàòîðè âúðõó íà÷àëíî êîõåðåíòíî
ñúñòîÿíèå (âàêóóì). Êëàñèôèöèðàíè ñà âñè÷êè êâàíòîâè ñèñòåìè, çà êîèòî âúíøíèÿ è âúò-
ðåøíèÿ ïîëèòîï ñúâïàäàò, è äàâàò èçðàç çà ìîìåíòîâèÿ ïîëèòîï. Äîêàçâàìå, ÷å òåçè ñèñòåìè
ñà: i) ñèñòåìè îò äâå ÷àñòèöè, iii) ñèñòåìè îò ïðîèçâîëåí áðîé q-áèòà, iii) òðè ôåðìèîíà íà
N ≤ 7 íèâà, iv) ïðîèçâîëíà ñèñòåìà îò áîçîíè, v) ôåðìèîííî ïðîñòðàíñòâî íà Ôîê íà N ≤ 5
íèâà. Èçïîëçâàò ñå ìåòîäè îò ñèìïëåêòè÷íàòà ãåîìåòðèÿ è òåîðèÿòà íà ïðåäñòàâÿíèÿòà íà
êîìïàêòíè ãðóïè íà Ëè. Â ÷àñòíîñò ñå èçñëåäâàò îáðàçèòå íà ñîáñòâåíè èçîáðàæåíèÿ íà
ìîìåíòà. Îïèñàíè ñà ìîìåíòîâèòå îáðàçè íà íåïðèâîäèìè ïðîåêòèâíè ïðåäñòàâÿíèÿ êúäåòî
äåéñòâèåòî å ñôåðè÷íî.

Abstract: The possible spectra of one-particle reduced density matrices that are compatible with
a pure multipartite quantum system of �nite dimension form a convex polytope. We introduce
a new construction of inner- and outer-bounding polytopes that constrain the polytope for the
entire quantum system. The outer bound is sharp. The inner polytope stems only from doubly
excited states. We �nd all quantum systems, where the bounds coincide giving the entire polytope.
We show, that those systems are: i) any system of two particles, ii) L qubits, iii) three fermions
on N ≤ 7 levels, iv) any number of bosons on any number of levels and v) fermionic Fock space
on N ≤ 5 levels. The methods we use come from symplectic geometry and representation theory
of compact Lie groups. In particular, we study the images of proper momentum maps, where our
method describes momentum images for all representations that are spherical.

(5) V.V. Tsanov, Secant varieties and degrees of invariants,
Journal of Geometry and Symmetry in Physics 51 (2019), 73�85. ISSN 13125192, DOI:10.7546/jgsp-
51-2019-73-85.

Ðåçþìå: Ïðúñòåíúò îò èíâàðèàíòíè ïîëèíîìè C[V ]G âúðõó äàäåíî êðàéíîìåðåí ìîäóë íàä
ñâúðçàíà, êîìïëåêñíà, ðåäóêòèâíà ãðóïà íà Ëè G å êðàéíî ïîðîäåí, ñïîðåä èçâåñòíà òåîðå-
ìà íà Õèëáåðò. Äîêàçàòåëñòâîòî å íåêîíñòðóêòèâíî, è ïîðàæäàùè ìíîæåñòâà è ñòåïåíèòå íà
òåõíèòå åëåìåíòè ñà îáåêò íà íåñòèõâàù èíòåðåñ. Â ñòàòèÿòà ñà èçâåäåíè îïðåäåëåíè äåëè-
òåëè íà ñòåïåíè íà åëåìåíòè îò ìèíèìàëíè ïîðàæäàùè ìíîæåñòâà. Çà íåïðèâîäèìè ìîäóëè
å èçâåäåíà äîëíà ãðàíèöà çà ñòåïåíèòå íà íåêîíñòàíòíè õîìîãåííè èíâàðèàíòíè ïîëèíèìè,
êîÿòî äîëíà ãðàíèöà ñå îïðåäåëÿ îò ãåîìåòðè÷íè ñâîéñòâà íà åäèíñòâåíàòà çàòâîðåíà ïðîåê-
òèâíà îðáèòà X íà ãðóïàòà G, è ïî-ñïåöèàëíî, íà ñåêíòíèòå ìíîãîîáðàçèÿ Σr(X) êúì òàçè
îðáèòà. Çà åäèí ñïåöèàëåí êëàñ îò ìîäóëè, êúäåòî ñåêàíòíèòå ìíîãîîáðàçèÿ èìàò ïðîñòà
ñòðóêòóðà, å íàìåðåíî òî÷íî ñúîòâåòñòâèå íà ìåæäó ñåêàíòíèòå ìíîãîîáðàçèÿ ïðåñè÷àùè
ïîëóñòàáèëíèÿ ëîêóñ è åëåìåíòèòå íà ìèíèìàëíî ïîðàæäàùî ìíîæåñòâî îò èíâàðèàíòè.

Abstract: The ring of invariant polynomials C[V ]G over a given �nite dimensional representation
space V of a connected complex reductive linear algebraic group G is known, by a famous
theorem of Hilbert, to be �nitely generated. The general proof being nonconstructive, generating
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sets and the degrees of their elements have remained a subject of interest. In this article we
determine certain divisors of the degrees of the generators. Also, for irreducible representations,
we provide lower bounds for the degrees, determined by the geometric properties of the unique
closed projective G-orbit X, and more speci�cally its secant varieties. For a particular class
of representations, where the secant varieties are especially well behaved, we exhibit an exact
correspondence between the generating invariants and the secant varieties intersecting the semistable
locus.

(6) H. Sepp�anen, V.V. Tsanov, Geometric invariant theory for principal three-dimensional subgroups

acting on �ag varieties, In: Representation theory - current trends and perspectives, ed. H. Krause
et al, Series of Congress Reports, EMS 2017, pp. 637-663. ISBN 978-3-03719-171-2, DOI:10.4171/171.

Ðåçþìå: Íåêà G å ñâúðçàíà, ïîëóïðîñòà, êîìïëåêñíà ãðóïà íà Ëè, è B ⊂ G å ìàêñèìàëíà
ðàçðåøèìà ïîäãðóïà. Â ñòàòèÿòà ñå èçó÷àâà Ãåîìåòðè÷íà Òåîðèÿ íà Èíâàðèàíòèòå (GIT)
âúðõó ôëàãîâîòî ìíîãîîáðàçèå G/B îòíîñíî äåéñòèåòî íà ãëàâíà, òðèìåðíà, ïðîñòà ïîäãðó-
ïà S ⊂ G. Â ÿâåí âèä ñà îïðåäåëåíè GIT-êëàñîâåòå íà åêâèâàëåíòíîñò îò S-îáèëíè ëèíåéíè
ðàçñëîåíèÿ âúðõó G/B. Äîêàçàíî å, ÷å òåçè êëàñîâå âêëþ÷âàò GIT-êàìåðè è S-ïîäâèæíè
êàìåðè, â ñìèñúëà íà Äîëãà÷åâ è Õó, ïðè ñëàáà õèïîòåçà èçêëþ÷âàùà ÿâíî îïèñàíè ñëó÷àè
â íèñêè ðàçìåðíîñòè. Ìíîãîîáðàçèÿòà ïîëó÷åíè êàòî GIT-ôàêòîðè ïî îòíîøåíèå íà êàìåðè
îáðàçóâàò ñåìåéñòâî îò ìå÷òàíè ïðîñòðàíñòâà íà Ìîðè, êîåòî å êàíîíè÷íî îïðåäëåíåíî çà
ãðóïàòà G. Îïèñàíè ñà òðè âàæíè êîíóñà â Ïèêàðîâàòà ãðóïà íà GIT-ôàêòîðè ïî îòíîøåíèå
íà S-ïîäâèæíè êàìåðè: ïñåâäî-åôåêòâíèÿ, ÷èñëîâî-åôåêòèâíèÿ è ïîäâèæíèÿ êîíóñè.

Abstract: Let G be a semisimple complex Lie group and B ⊂ G a maximal solvable subgroup.
In this article, we study Geometric Invariant Theory on a �ag variety G/B with respect to the
action of a principal 3-dimensional simple subgroup S ⊂ G. We determine explicitly the GIT-
equivalence classes of S-ample line bundles on G/B. We show that, under mild assumptions,
among the GIT-classes there are chambers and S-movable chambers, in the sense of Dolgachev-
Hu. The GIT-quotients with respect to various chambers form a family of Mori dream spaces,
canonically associated with G. We are able to determine the three important cones in the Picard
group of any of these quotients: the pseudoe�ective-, the movable-, and the nef cones.

(7) H. Sepp�anen, V.V. Tsanov, Unstable loci in �ag varieties and variations of quotients, International
Mathematics Research Notices 2022, Issue 8, (2022), 5882�5934. Published online on 19.10.2020.
ISSN 1073-7928, DOI: 10.1093/imrn/rnaa268.

Ðåçþìå: Â êîíòåêñòà íà Ãåîìåòðè÷íà Òåîðèÿ íà Èíâàðèàíòèòå (GIT) ñe ðàçãëåæäà äåéñòâèåòî

íà ïðîèçâîëíà, ñâúðçàíà, ïîëóïðîñòà, êîìïëåêñíà ïîäãðóïà Ĝ íà åäíîñâúðçàíà, ïîëóïðîñòà,
êîìïëåêñíà ãðóïà íà Ëè G âúðõó ôëàãîâîòî ìíîãîîáðàçèå X = G/B, êúäåòî B å Áîðåëå-
âà ïîäãðóïà íà G, è ëèíåàðèçàöèè íà òîâà äåéñòâèå ÷ðåç õîìîãåííè ëèíåéíè ðàçñëîåíèÿ L
âúðõó X. Èçâåäåíà å ÿâíà çàòâîðåíà ôîðìóëà çà ïîäìíîãîîáðàçèåòî îò íåñòàáèëíè òî÷êè,
â çàâèñèìîñò îò L, êàêòî è ôîðìóëà çà (êî)ðàçìåðíîñòòà íà òîâà ìíîãîîáðàçèå. Äîêàçàíî

å, ÷å êîðàçìåðíîñòòà å ðàâíà íà 1, àêî L ëåæè âúðõó ðåãóëÿðíàòà ãðàíèöà íà Ĝ-îáèëíèÿ
êîíóñ â Pic(X)R, è ðàñòå ñúñ ñòúïêè îò 1, êîãàòî L âàðèðà îò ãðàíèöàòà êúì âúòðåøíîñò-
òà íà êîíóñà. Äîêàçàíî å, ÷å ëèíåéíèòå ðàçñëîåíèÿ, ÷èåòî íåñòàáèëíîòî ïîäìíîãîîáðàçèå
èìà êîðàçìåðíîñò ïîíå q, îáðàçóâàò ðàöèîíàëåí, ïîëèåäðàëåí, èçïúêàíë êîíóñ. Äàäåíè ñà
õàðàêòåðèçàöèèÿ è ðåêóðñèâåí àëãîðèòúì çà ÿâíî îïèñàíèå íà âñè÷êè GIT-êëàñîâå íà åêâè-
âàëåíòíîñò â Ĝ-îáèëíèÿ êîíóñ (îïðåäåëåíè ñ ðàâåíñòâî íà íåñòàáèëíîòî ïîäìíîãîîáðàçèå).

Êàòî ïðèëîæåíèå ñà èçâåäåíè êðèòåðèè çà ñúùåñòâóâàíå íà Ĝ-ïîäâèæíè êàìåðè - GIT-
êëàñîâå äàâàùè ãåîìåòðè÷åí GIT-ôàêòîð è èìàùè íåñòàáèëíî ïîäìíîãîîáðàçèå ñ êîðàçìåð-
íîñò ïîíå 2. GIT-ôàêòîðèòå ïî îòíîøåíèå íà Ĝ-ïîäâèæíè êàìåðè ñúäúðæàò ãëîáàëíà èíôîð-
ìàöèÿ çà Ĝ-èíâàðèàíòíèòå ïîäïðîñòðàíñòâà â íåïðèâîäèìè G-ìîäóëè. Âñêè òàêúâ ôàêòîð
Y å ìå÷òàíî ïðîñòðàíñòâî íà Ìîðè, è êàìåðèòå íà Ìîðè â íåãîâèÿ ïñåâäî-åôåêòèâåí êî-
íóñ ñúîòâåòñòâàò íà GIT-êàìåðèòå â Ĝ-îáèëíèÿ êîíóñ íà X. Íåùî ïîâå÷å, âñÿêà ðàöèîíàëíà
êîíòðàêöèÿ f : Y 99K Y ′ êúì íîðìàëíî ïðîåêòèâíî ìíîãîîáðàçèå Y ′ å èíäóöèðàíà îò GIT
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÷ðåç ëèíåàðèçàöèÿ íà äåéñòâèåòî íà Ĝ âúðõó X. Êàòî êîíêðåòåí ïðèìåð å äîêàçàíî, ÷å Ĝ-
ïîäâèæíè êàìåðè ñúùåñòâóâàò çà äèàãîíàëíà ïîäãðóïà â äåêàðòîâà ñòåïåí Ĝ ↪→ (Ĝ)k = G
ïðè äîñòàòú÷íî ãîëåìè k.

Abstract: We consider the action of a semisimple subgroup Ĝ of a semisimple complex group G on
the �ag variety X = G/B, and the linearizations of this action by line bundles L on X. We give
an explicit description of the associated unstable locus in dependence of L, as well as a formula for
its (co)dimension. We observe that the codimension is equal to 1 on the regular boundary of the

Ĝ-ample cone, and grows towards the interior in steps by 1, in a way that the line bundles with
unstable locus of codimension at least q form a convex polyhedral cone. We also give a description
and a recursive algorithm for determining all GIT-classes in the Ĝ-ample cone of X.
As an application, we give conditions ensuring the existence of GIT-classes C with an unstable

locus of codimension at least two and which moreover yield geometric GIT-quotients. Such quotients
YC re�ect global information on Ĝ-invariants. They are always Mori dream spaces, and the Mori
chambers of the pseudoe�ective cone Eff(YC) correspond to the GIT-chambers of the Ĝ-ample
cone of X. Moreover, all rational contractions f : YC 99K Y ′ to normal projective varieties Y ′ are
induced by GIT from linearizations of the action of Ĝ on X. In particular, this is shown to hold
for a diagonal embedding Ĝ ↪→ (Ĝ)k, with su�ciently large k.

(8) I.B. Penkov, V.V. Tsanov, Representations of large Mackey Lie algebras and universal tensor

categories, Abhandlungen aus dem Mathematischen Seminar der Universit�at Hamburg, 2024,
https://doi.org/10.1007/s12188-024-00280-6, ISSN 0025-5858.

Ðåçþìå: Â ñòàòèÿòà å êîíñòðóèðàíà óíèâåðñàëíà àáåëåâà òåíçîðíà êàòåãîðèÿ Tt ïîðîäå-
íà îò äâà åëåìåíòà X,Y ñ äàäåíè êðàéíè ôèëòðàöèè 0 ( X0 ( ... ( Xt+1 = X and
0 ( Y0 ( ... ( Yt+1 = Y , è ñäâîÿâàíå X ⊗ Y → 1, êúäåòî 1 å ìîíîèäàëíàòà åäèíèöà.
Ìîäåë çà òàêàâà êàòåãîðèÿ å ïîëó÷åí âúâ âèäà íà êàòåãîðèÿ îò ïðåñòàâÿíèÿ íà Ìàêè-Ëè
àëãåáðà glM (V, V∗) ñ êàðäèíàëíîñò 2ℵt , àñîöèèðàíà ñ äèàãîíàëèçèðóåìî ñäâîÿâàíå ìåæäó äâå
âêòîðíè ïðîñòðàíñòâà V, V∗ ñ ðàçìåðíîñò ℵt âúðõó àëãåáðè÷åñêè çàòâîðåíî ïîëå K ñ õàðàê-
òåðèñòèêà 0. Êàòî ïîäãîòâèòåëíà ñòúïêà, å äåôèíèðàíà è èçñëåäâàíà òåíçîðíà êàòåãîðèÿ Tt

ïîðîäåíà îò àëãåáðè÷íèòå äóàëíè ïðîñòðàíñòâà V ∗ è (V∗)
∗. Èíåêòèâíàòà îáâèâêà I íà òðèâè-

àëíèÿ ìîäóë K â Tt íîñè ñòðóêòóðà íà áåçêðàéíîìåðíà êîìóòàòèâíà àëãåáðà, è êàòåãîðèÿòà
Tt èìà çà îáåêòè âñè÷êè ñâîáîäíè I-ìîäóëè â Tt. Îáùàòà ñõåìà å âçàèìñòâàíà îò ïðåäõîäíà
ðàáîòà çà t = 0. Ñúùåñòâåí íîâ ðåçóëòàò, äîðè â ñëó÷àÿ t = 0, å ÿâíî îïèñàíèå íà Ext-ãðóïèòå
ìåæäó ïðîñòè îáåêòè âúâ âñÿêà îò êàòåãîðèèòå Tt è Tt. Äîêàçàíî å, ÷å òåçè Ext-ãðóïè èìàò
êðàéíè ðàçìåðíîñòè, çà êîèòî å ñà äàäåíè çàòâîðåíè êîìáèíàòîðíè ôîðìóëè. Òîâà çàäàâà
âðúçêà ìåæäó óíèâåðñàëíèòå êàòåãîðèè è êîìáèíàòîðèêà íà ÷èñëàòà íà Ëòúëóóä-Ðè÷àðäñîí.

Ðåçþìå:

Abstract:We extend previous work by constructing a universal abelian tensor categoryTt generated
by two objects X,Y equipped with �nite �ltrations 0 ( X0 ( ... ( Xt+1 = X and 0 ( Y0 (
... ( Yt+1 = Y , and with a pairing X ⊗ Y → 1, where 1 is the monoidal unit. This category is
modeled as a category of representations of a Mackey Lie algebra glM (V, V∗) of cardinality 2ℵt ,
associated to a diagonalizable pairing between two vector spaces V, V∗ of dimension ℵt over an
algebraically closed �eld K of characteristic 0. As a preliminary step, we study a tensor category
Tt generated by the algebraic duals V

∗ and (V∗)
∗. The injective hull of the trivial module K in Tt

is a commutative algebra I, and the category Tt consists of all free I-modules in Tt. An essential
novelty in our work is the explicit computation of Ext-spaces between simples in both categories
Tt and Tt, which had been an open problem already for t = 0. This provides a direct link from
the theory of universal tensor categories to Littlewood-Richardson-type combinatorics.

(9) V.V. Tsanov, Partial convex hulls of coadjoint orbits and degrees of invariants, Proceeding of
XV International workshop �Lie theory and its applications in physics�, ed. Vl. Dobrev, Springer
Proceedings in Mathematics and Statistics, to appear.
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Ðåçþìå: Èçó÷àâàò ñå ñâîéñòâà íà èçïúêíàëèòå îáâèâêè íà (êî)ïðèñúåäèíåíè îðáèòè íà êîì-
ïàêòíè ãðóïè íà Ëè, ñ ïðèëîæåíèÿ â òåîðèÿòà íà èíâàðèàíòèòå è ðàçëàãàíåòî íà òåíçîðíè
ïðîèçâåäåíèÿ íà ìîäóëè. Âúâåäåíî å ïîíÿòèåòî ÷àñòè÷íà èçïúêíàëà îáâèâêà, è îò íåãî ñà
èçâëå÷åíè äâà ÷èñëîâè èíâàðèàíòà íà êîïðèñúåäèíåíà îðáèòà íà ïîëóïðîñòà êîìïàêòíà ãðó-
ïà íà Ëè K. Äîêàçàíî å, ÷å îðáèòèòå, çà êîèòî åäèí îò òåçè äâà èíâàðèàíòà íå íàäâèøàâà
äàäåíî r ∈ N, îáðàçóâàò, ñëåä ïðåñè÷àíå ñ ôèêñèðàíà êàìåðà íà Âàéë, ðàöèîíàëåí ïîëèåäðà-
ëåí èçïúêíàë êîíóñ. Òîçè êîíóñ å òÿñíî ñâúðçàí ñ êîíóñà íà Ëèòúëóóä-Ðè÷àðäñîí îïèñâàø
ðàçëàãàíèÿòà íà òåíçîðíè ïðîèçâåäåíèÿ íà r−1 íåïðèâîäèìè K-ìîäóëà. Äîêàçàíî å, ÷å âúï-
ðîñíèòå ÷èñëîâè èíâàðèàíòè çàäàâàò äîëíè ãðàíèöè çà ñòåïåíè íà K-èíâàðèàíòíè ïîëèíîìè
âúðõó íåïðèâîäèìè ïðåäñòàâÿíèÿ.

Abstract: The subject of study are properties of convex hulls of (co)adjoint orbits of connected
compact Lie groups, with applications to invariant theory and tensor product decompositions.
The notion of partial convex hulls is introduced and applied to de�ne two numerical invariants
of a coadjoint orbit of a semisimple connected compact Lie group K. It is shown that the orbits,
where any one of these invariants does not exceed a given number r, form, upon intersection with a
�xed Weyl chamber, a rational convex polyhedral cone in that chamber, related to the Littlewood-
Richardson cone of the r-fold diagonal embedding of K. The numerical invariants are shown to
provide lower bounds for degrees of invariant polynomials on irreducible unitary representations.


